Analytical solutions are presented for velocity and temperature distributions of laminar fully developed flow of Newtonian, constant property fluids in micro/minichannels of hyperelliptical and regular polygonal cross sections. The considered geometries cover several common shapes such as ellipse, rectangle, rectangle with round corners, rhombus, star-shape, and all regular polygons. The analysis is carried out under the conditions of constant axial wall heat flux with uniform peripheral heat flux at a given cross section. A linear least squares point matching technique is used to minimize the residual between the actual and the predicted values on the boundary of the channel. Hydrodynamic and thermal characteristics of the flow are derived; these include pressure drop and local and average Nusselt numbers. The proposed results are successfully verified with existing analytical and numerical solutions from the literature for a variety of cross sections. The present study provides analytical-based compact solutions for velocity and temperature fields that are essential for basic designs, parametric studies, and optimization analyses required for many thermofluidic applications.
Introduction
Advances in microfabrication technologies make it possible to make microchannels with various cross sections in microfluidic devices. The convective flow and heat transfer in these channels, apart from their theoretical interest, are of considerable practical importance for the following applications: microelectronics cooling [1] , microelectromechanical systems (MEMS) [2] , fuel cell technology [3, 4] , microreactors [5] , and medical and biomedical devices [6] . The developments in the MEMS devices naturally require cooling systems that are equally small. Among the novel methods for thermal management of the high heat fluxes found in microelectronic devices, microchannel heat sinks are the most effective [7] . In addition, porous materials and microchannels filled with porous media can be modeled as networks of microscale conduits with noncircular cross sections [8, 9] ; thus, transport properties of porous structures are closely related to the geometry of the considered microchannels. A proper understanding of fluid flow and heat transfer in these microscale systems is, therefore, essential for their design and operation.
Several experimental studies have confirmed that the continuum theory holds in micron size channels; see, for example, Refs. [10] [11] [12] [13] . Thus, existing solutions for large scale ducts are also applicable to microchannels. Moreover, due to small scales, fully developed condition is achieved very fast in the microchannels [14] . As such, the fully developed assumption is reasonable in the analysis of transport phenomena through microchannels.
The important parameters for design of microchannel chips and their analysis are pressure drop and heat transfer rate. Bahrami et al. [15, 16] have developed a general model for predicting pressure drop in microchannels of arbitrary cross section with continuum and slip regimes on channel walls. Recently, Akbari et al. [17] have extended the model of Refs. [15, 16] to arbitrary cross section channels with slowly varying cross sections. Using a similar approach, Sadeghi et al. [18] have reported a general model for estimating the Nusselt number in arbitrary cross section channels. However, these general models do not provide any information about the velocity and temperature distributions.
Accurate information on the velocity and temperature fields are particularly important in devising efficient strategies in a host of engineering applications such as microfluidic, lab-on-chip devices, and fuel cell technologies, to name a few. As such, different methods have been used in the literature to analyze the problem of fully developed laminar flow in noncircular channels, such as analogy method, complex variables method, conformal mapping method, finite difference method, and point matching method [19] . The difficulty for obtaining an analytical solution for this problem by means of the well known classical techniques resides in the impossibility of the separation of variables. An additional difficulty is due to the nonregular two-dimensional characteristics of the cross section.
Sparrow and Haji-Sheikh [20] proposed a method of least squares matching of boundary values for fully developed laminar flow in ducts of arbitrary cross section. It was an improved version of the point matching technique, which was previously employed by Sparrow et al. [21] . Tyagi [22] analyzed the steady laminar forced convection heat transfer in the fully developed flow of liquids through a certain class of channels including equilateral triangular and elliptical tube, using complex variables technique. Shah [23] presented a least squares matching technique to analyze the fully developed laminar fluid flow and heat transfer in ducts of various cross sections. Richardson [24] reported a Leveque solution for flow through elliptical channels. A comprehensive survey of analytical solutions and alternate methods to study such transport phenomena and interpret the results for 25 different geometries, the pertinent literature is published by Shah and London [19] . Abdel-Wahed and Attia [25] evaluated hydrodynamic and thermal characteristics of fully developed laminar flow in an arbitrarily shaped triangular duct using a finite difference technique. Maia et al. [26] solved the heat transfer problem in thermally developing laminar flow of a non-Newtonian fluid in elliptical ducts by using the generalized integral transform technique. They transformed the axes algebraically from the Cartesian coordinate system to the elliptical coordinate system in order to avoid the irregular shape of the wall in the elliptical duct. However, this method cannot be used in more complex geometries for which transformation is not possible. In order to develop a general approach applicable to various noncircular geometries, Tamayol and Bahrami [27] employed point matching technique for determining the velocity distribution of fully developed laminar flow in straight channels of regular polygonal and hyperelliptical cross section. However, they did not consider the thermal problem.
In spite of numerous studies available in the literature for pressure drop and Nusselt number, to the best knowledge of authors, velocity and temperature distributions have not been reported in the literature for many of noncircular cross sections. As such, in this study, analytical solutions are presented for velocity and temperature distributions of laminar fully developed flow of Newtonian, constant property fluids through micro/minichannels of both hyperelliptical and polygonal cross-sectional geometries subjected to H2 thermal boundary condition, i.e., constant heat flux boundary condition [19] . To evaluate the convective term in the energy equation, first the momentum equation is solved. Constant heat flux boundary condition is then applied to find the solution of the energy equation for the considered equations. The considered geometries include (i) hyperelliptical channels, encompassing concave/convex shapes from star-shaped, rhombic, elliptical, rectangular with round corners, and rectangular; and (ii) regular polygon ducts, which covers several common shapes from equilateral triangular, squared, pentagonal, hexagonal, and to circular. The proposed solution is presented in a single unique format that covers all the above mentioned cross sections.
Problem Statement
Fully developed, steady-state, laminar, constant properties, and incompressible flow in straight micro/minichannels of uniform cross section is studied. In addition, the noncontinuum effects such as slip velocity on the channel walls are neglected. Thus, the present solutions are valid for flow with Knudsen numbers (k=D h ) less than 0.01, where k is the molecular mean free path [28, 29] . The cross sections investigated in the present study are the hyperellipse and the regular polygon, which will be discussed in details in Sec. 2.1.
Considered Geometries.
In the first quadrant, a hyperellipse is described by
where e is the aspect ratio, a and b are the major and minor axes of the cross section, respectively. As shown in Fig. 1 , by varying parameter n, several geometries can be created. For examples, Eq.
(1) with n ¼ 0.5 results in a star-shaped geometry. n ¼ 1 results in a rhombus and when n ¼ 2 yields an ellipse; for a ¼ b, the consequent geometry is a circle. For n>2, a rectangle with round corners is created and when the resulting geometry becomes a rectangle; in the special case of a ¼ b, it represents a square and for a ( b, it yields parallel plates. It should be noted that as a result of manufacturing processes, some of the flow passages have round corners; thus rectangle with round corner can be observed in many practical applications. The cross-sectional area of a hyperellipse can be expressed in terms of the gamma function, CðxÞ, [30]
The perimeter of the hyperellipse does not have a closed form solution and must be calculated from the following integral: As shown in Fig. 2 , the m-sided regular polygon ducts covers a wide range of geometries. For m ¼ 3, the consequent geometry is an equilateral triangle; when m ¼ 4 and 6 the shapes become a square and a hexagon, respectively. A circle is a polygon with infinite number of sides, i.e., m ! 1. As shown in Fig. 2 , all the hatched regions surrounded by symmetry lines are triangles with different vertex angles.
3 Problem Formulation
Momentum Equation.
The liquid flow in minichannels and microchannels in the absence of any wall surface effects, such as the electrokinetic or electroosmotic forces, is not expected to experience any fundamental deviation from the continuum theory employed in microfluidic applications [31] . Gad-el-Hak [32] argued that liquids such as water should be treated as continuous media with the results obtained from classical theory being applicable in channels larger than 1 lm.
The compressibility effects can be neglected for the Mach numbers lower than 0.3 [33] ; thus, the present analysis is acceptable for all Newtonian liquids and gas flows with Ma < 0.3. For laminar flow with negligible gravitational effects subjected to the abovementioned assumptions, momentum equation reduces to the Poisson's equation [33] 
where l is the fluid viscosity, P is pressure, and u is the fluid velocity along the channel axis. Using the geometrical symmetry, only a portion of the cross section is considered in the analysis, as shown in Fig. 3 . Applicable boundary conditions for hyperelliptical channels are
The first two equations are obtained from the existing symmetry in the hyperellipse geometry. The general solution of the Poisson's equation, Eq. (4), in the cylindrical coordinate system is [34] u
The unknown coefficients A 0 , B, C k , D k , E k , and F k should be calculated through applying the boundary conditions, Eq. (5). At r ¼ 0, the velocity must have a finite value; thus, B ¼ D k ¼ 0.
Since dP=dz remains constant for fully developed flows, Eq. (6) can be simplified as
where A 1 , E k , and F k are redefined. The symmetry conditions at h ¼ 0 and h ¼ p=2 result in F k ¼ 0 and k ¼ 2, 4, 6,..., respectively. After nondimensionalizing, Eq. (7) reduces to
The last boundary condition, i.e., the no-slip condition, u Ã g 0 ð Þ ¼ 0, on the channel wall should be used to calculate the rest of unknown coefficients in Eq. (8) . Substituting for g 0 from Eq. (1), one can write
This equation is a function of h. To evaluate the coefficients, following Ref.
[23], we truncate the series from the q th term and Fig. 3 . The difference between the two geometries is the location of the symmetry lines. The applicable symmetry boundary conditions for the polygonal cross section are
where m is the number of sides. Using Eq. (10), the dimensionless velocity distribution becomes
Applying no-slip boundary condition, the unknown coefficients in Eqs. (8) and (11) can be determined.
One of the techniques that can be employed to apply the no-slip boundary is the point matching technique [21, 27, 35, 36] . In this approach, the infinite series can be truncated at a finite number of terms, q. Then, q þ 1 points are selected on the periphery and the boundary condition is satisfied exactly at these q þ 1 points to determine the same number of unknown coefficients of the truncated series. The velocity and temperature distributions are then obtained in a closed-form series. The limitation of this method is that by increasing the number of points on the boundary, one cannot necessarily obtain a more accurate result since the degree of the polynomial is increased, which may result in overfitting. Using point-matching technique, Tamayol and Bahrami [27] could not predict the velocity distribution and pressure drop for concave geometries such as star-shaped channels. To overcome this limitation, the least squares method is used in the present study. It should be noted that the pressure drop values for convex geometries reported by Tamayol and Bahrami [27] were the same as the results reported by Shah and London [19] and predicted by the least squares method in the present study.
The least squares method differs from the point-matching method in that more than q points along the boundary are employed to determine q unknown coefficients in the truncated series. Therefore, we will have an overdetermined linear system of equations. The coefficients are evaluated by minimizing the mean squared error of the boundary conditions at j points (j > q) [37] . It should be noted that increasing the number of terms, q, in the series solution does not guarantee more accuracy and it depends on the nature of the series solution. For each geometry, we performed a comprehensive study to select the number of terms in the series solution which yielded the minimum error in satisfying the wall boundary conditions; two or three terms for most cases. Moreover, the number of points on the channel wall, j, were in the range of 200-250.
Energy Equation.
In addition to idealizations made for the momentum equation, for simplifying the energy equation, axial heat conduction is neglected, following Ref. [38] . This term is negligible when Péclet number, which measures the ratio of the bulk transport (convection) to the diffusion transport, is high (see Ref. [28] for more details). Moreover, in continuum and slip-flow regimes, viscous dissipation is negligible. Viscous heat generation is significant in extremely viscous liquids or gas flows with relatively high velocity and temperature gradients [39] . Thus, the energy equation for laminar hydrodynamically and thermally developed flow becomes
where a is thermal diffusivity of the fluid. The associated thermal boundary condition is considered as axially constant heat transfer rate per unit channel length, with peripherally uniform heat flux.
For this boundary condition and fully developed flow, it can be shown that [40] @T @z
where c p is the specific heat of fluid, A c is the channels cross section, C c is the cross section perimeter, u m and T m are the mean velocity and temperature, respectively, defined as
Substituting Eqs. (12) and (7) into Eq. (13) yields
which in the dimensionless form for hyperelliptical cross section becomes
and for regular polygonal cross section reads
and where T Ã is defined as
where L c is the cross-sectional length-scale, introduced in Eqs. (8) and (11) for hyperelliptical and polygonal cross sections, respectively. As discussed by Sparrow and Loeffler [36] , the solution of Eq. (15) is expressed as the sum of separate particular and homogeneous solutions as follows:
The particular solution is [34] T
and the general homogeneous solution becomes
Appling the symmetry boundary conditions, we obtain: e j ¼ 0 and j ¼ 2; 4 ; ::: and j ¼ m; 2m ; ::: for elliptical and polygonal cross sections, respectively. Thus, Eq. (21) can be written as
Therefore, the temperature distribution becomes
The unknown coefficients should be determined through applying the constant heat flux per unit area on the channel wall 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 Table 2 Velocity and temperature distribution coefficients in Eqs. (11) and (23) 
wheren is the normal vector of the boundary defined by F g; h ð Þ ¼ 0
Using a similar approach employed to solve the momentum equation, the infinite series in Eq. (23) is truncated. The coefficients d j are calculated by the least squares point matching technique.
Results and Discussions
In order to calculate velocity and temperature distributions, the coefficient in Eqs. (8), (11) and (23) should be determined. Therefore, a least squares point matching technique has been employed and the calculated coefficients are reported in Tables 1 and 2 . Considering just the first two terms of the infinite series in the solutions to the velocity and temperature distributions resulted in an average error of less than 1% in applying the boundary value for the various geometries that were studied in this work. As an example, Table 3 shows the closed form velocity and temperature relations for some examples from the studied geometries. It should be mentioned that the velocity and temperature solutions for starshaped and rectangular-with-round-corners channels cannot be found elsewhere. The former one has application in analyzing foams and packed beds of fibers and the later one is common in micro fabrication process of rectangular microchannels. Some examples of the velocity contours and distributions are plotted for ducts with star-shaped and square with round corners cross sections in Figs. 4 and 5 , respectively. Fig. 7 Comparison of the values of Nusselt number in channels of hyperelliptical cross section calculated using the present model with numerical results of Shah [23] Two important characteristics of convective flow in channels are the Poiseuille number and the Nusselt number. The Poiseuille number, f Re, is the common dimensionless number used for analyzing pressure drop in channels and is defined by
where D h is the hydraulic diameter. The Nusselt number, Nu is the ratio of convective to conductive heat transfer normal to the boundary. The local Nusselt number is defined by
where T w is the wall temperature and T b is the fluid bulk temperature defined as
The average Nusselt number is defined by using the average wall temperature in Eq. (28) . The results for the Poiseuille number and Nusselt number are plotted in Figs. 6 and 7 for hyperelliptical channels and Fig. 8 for polygonal ducts and are compared with analytical/numerical data found in the literature [19, 23] . It can be seen that the proposed approach is in a very good agreement with the numerical data and the deviations between the model and the numerical results less are less than 3%.
It should be noted that a cross section with a higher f Re and Nu does not essentially result in higher pressure drop or heat transfer rate. For example, although circular cross section has the highest f Re among polygonal channels as shown in Fig. 8 , it results in the lowest pressure drop.
Tamayol and Bahrami [27] provided a compact relationship for f Re; however, the following equation is more compact and can accurately predict f Re for all polygonal channels:
No compact relationship was found for the Nusselt number in the pertinent literature. As such, a similar relationship is proposed for determining the Nusselt number in regular polygonal channels subjected to H2 thermal boundary condition
Equations (30) and (31) can predict f Re and Nu values for polygonal ducts with uncertainty less than 2%, respectively. In Fig. 9 , the local Nusselt number, calculated from Eq. (31), is plotted for channels with hyperelliptical cross section. The results indicate that Nusselt number varies over the periphery of the channel with a minimum at the corners. For geometries with n < 2, the corners are located at h ¼ 0 ; p=2 and the maximum value of Nu local occurs at h ¼ p=4. In circular tubes, n ¼ 2, Nusselt number is uniformly distributed since no corner exists. For convex geometries with n > 2, corners are located at h ¼ p=4 and as a result, Nu local have a minimum at h ¼ p=4.
Summary and Conclusions
Analytical solutions were presented for laminar fully developed flow and heat transfer in micro/minichannels of different noncircular cross sections. Starting from general solution of the Poisson's equation, a least squares point matching technique was used for applying the wall boundary conditions in order to minimize the error of the boundary values.
Velocity and temperature distributions were obtained for various geometries with different shapes and aspect ratios, from which hydrodynamic and thermal characteristics of the flow were calculated. The considered geometries encompassed a wide range of shapes such as ellipse, rectangle, rectangle with round corners, rhombus, star-shape, and all regular polygons. However, this approach is applicable to all geometries with at least two symmetry lines. Therefore, the present approach can be considered as a general solution. The compact solutions were obtained by truncating the infinite series in the solutions to the velocity and temperature distributions from the second or third term. The Nusselt and Poiseuille numbers were compared with the published data of Refs. [19, 23] for the considered channels, which resulted in a relative difference of less than 3%.
Also, using this method, the local Nusselt numbers were determined. For star-shaped channels, the local Nusselt number near the corners is close to zero, which is a consequence of the relatively low velocity in these regions due to the high wall shear stress. The present compact solutions for the velocity and temperature distributions provide a powerful tool for design, parametric studies, and optimization analyses required for microchannel heat exchangers, heat sinks, fuel cell technology, and microfluidic devices.
